6 orthogonal Cartesian coordinate system in which the z coordinate is normal to the local 115 topography. 116
In the reference frame linked to the topography, equations of mass and momentum in the x 117 and y direction derived by integration of Navier-Stokes equations (1)-(2) read 118 Depth-average integration simplifies the three-dimensional description of the flow but the 129 vertical velocity distribution is lost and replaced with a single average velocity value in 130 depth-averaged mass is then considered as an effective material submitted to an empirical 165 friction introduced in the tangential traction term T t (Pouliquen 1999) . 166
Considering a Coulomb-type friction law, the norm of the tangential traction ! at the 167 bed is related to the norm of the normal traction ! = ! = !! ! at the bed, through a 168 friction coefficient µ, that is ! ≤ ! = ! = ! ℎ and acting opposite to the 169
). The value of σ c defines the upper bound of the admissible 170
stresses. 171
Similarly, the Voellmy rheology gives: 172 The system of equations (3), approximated in accordance with the scale analysis described 194 in "Continuum mechanics modelling" section, can be written as 195
The system of equations is then discretized on an unstructured triangular mesh with a 198 finite element data structure using a particular control volume, which is the median dual 199 cell (Pirulli 2005 . n ij normal vector to Γ ij directed from P i to P j , one of the mesh 207 vertexes that surround P i , Γ ij , boundary of the dual cell C i separating P i from P j . 208
Under these hypotheses, the finite volume scheme writes as: 210
where U i n+1 , U i n is the approximation of the cell average of the exact solution U for the ith 212 cell, at times t n and t n+1 , respectively, and K i is the set of nodes P j surrounding P i . F(U i n , 213 In SPH model, a given function, ϕ(x), and its spatial derivatives can be approximated by 230 integral approximations defined in terms of kernel and they can be further approximated 231 by replacing them with summations over all the corresponding values at the neighbouring 232 particles in a local domain. 233
is the smoothing kernel function and h is the smoothing length defining the influence area 237 of W. 238
The accuracy of the numerical solution and the level of approximation for engineering 239 purposes are a function of the properties and dimensions of the kernel W. In particular, the 240 smoothing kernel function W has to satisfy three main properties: i) its integration returns 241 the unity, ii) when h tends to zero, the kernel function is the Dirac delta function and iii) 242 when |x'-x|>kh, with k a constant that defines the effective area of the smoothing function, 243 W is equal to 0. The latter condition guaranties that the integration over the entire problem 244 domain is localized over the support domain of the smoothing function, which coincides 245 with Ω. 246 Equation 7 is valid at continuum level; since, in problem concerning the propagation of 247 rapid landslide, the information is stored in a discrete framework (e.g. in a series of 248 nodes), the SPH kernel approximation is converted to discretize forms. Thus, the 249 propagating mass is discretized through a set of moving 'particles' or 'nodes' in which 250 regular distributions are used to approximate the values of functions and derivatives. Each 251 node, i, has the following nodal variables: h is the height of of landslide, is the depth 252 averaged velocity, T b is the surface vector force at the bottom, m is a fictitious mass 253
! is the averaged pressure term and * is the depth averaged 254 modified stress tensor equals to + . 255
As consequence, equation 7 can be rewritten as follow: 256
where ρ j is the fictitious density of the particle j, N is the number of nodes and W ij is the 258 value of smoothing kernel defined as W(x j -x i ,h). Summarizing, the integral approximation 259 of a function ϕ(x) at the node i is defined as the sum of the function values estimated at 260 the nodes j, included in the support domain Ω (Figure 2) . 261
Under these hypotheses, the system of equations (3) can be rewritten as: 262
where v ij is the difference between v i and v j and
of the basal surface. 266
In GeoFlow_SPH code, equations (9) and (10) The initial height condition is given by the piecewise constant function: 290
and the velocity by: 292
where h L is the initial height equals to 10 m. 294
The analytical solutions (Stoker 1957 , Guinot 2003 for 1D dam break problem under the 295 hypothesis of a dry, frictionless bed are: 296 
where, g is the gravity acceleration, θ is the slope equals to 30° and the physical quantities 329 c 0 and m are given by the following equations: 330
where h L is the initial fluid height and ϕ is the bulk friction angle respectively equal to 10 333 m and 25°. 334
The equations (15) and (16) In order to answer these questions, in the present section the comparison of results coming 386 from analyses performed using the two numerical codes presented above are showed. 387
The Nora event was already studied and back analysed with the RASH3D code by Pirulli 388 and Marco (2010). The best-fit numerical simulation was obtained using a 5m grid spacing 389 DEM and considering a Voellmy rheology with µ=0,1 and ξ=200 m/s 2 . 390
Note that in contrast with finite difference methods, where pointwise values are 391 approximated, and finite element methods, where basis functions are approximated, in a 392 finite volume method, which is used in RASH3D, the unknowns approximate the average 393 of the solution over the domain grid cell. 394
Starting from these results, the same analysis, keeping unchanged the rheological 395 parameter values, was carried out using GeoFlow_SPH code. As already mentioned, the 396 meshless particle codes, as GeoFlow_SPH, do not required fixed grid and all of the 397 calculations are performed directly at the particle-centred location. Despite this, beside the 398 5 m topographic mesh (which provides the topography of the problem), GeoFlow_SPH 399 requires that a secondary grid is used for the debris flow source area definition. In the Rio 400 Nora case, the Authors assumed a 1m spacing secondary grid and consequently a source 401 area made of 212 points was obtained. The smoothing length was set to 2 m. 402
The topographic mesh resolution for RASH3D code and the secondary grid resolution and 403 dimension of the smoothing length for GeoFlow_SPH have (considering the same 404 computational power) a great weight on the computational time. For the Rio Nora case, thecomputational time of GeoFlow_SPH code (5m spacing topography grid, 1m spacing 406 secondary grid) is lower than RASH3D one (5m spacing topography grid), since the 407 computations are made on a set of arbitrarily distributed particles (secondary mesh), which 408 are not connected with fixed grid (topography mesh). In particular, using the same 409 workstation, GeoFlow_SPH computation time is less than 20 times with respect to 410
RASH3D. 411
In Figure 9 , significant differences can be observed between GeoFlow_SPH and RASH3D 412 simulation especially within the depositional area. The fact that the rheological parameter values are not interchangeable, from anconstruction of a protection structure at the apex point of the alluvial fan (cfr, Figure 7) , it 484 is evident that numerical GeoFlow_SPH velocity is about 10% greater than that calculated 485 using RASH3D best-fit rheological values (Table 1) 
